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We report the measurement of intermodulation gain in NbN superconducting stripline resonators. 
In the intermodulation measurements we inject two unequal tones into the oscillator, the pump and 
signal, both lying within the resonance band. At the onset of instability of the reflected pump we 
obtain a simultaneous gain of both the idler and the reflected signal. The measured gain in both 
cases can be as high as 15 dB, whereas to the best of our knowledge intermodulation gain greater 
than unity in superconducting resonators has not been reported before in the scientific literature. 

PACS numbers: 42.65.Ky, 85.25.-j, 84.40.Az. 



In previous publications 0, we have presented and 
discussed extensively the unusual nonlinear dynamics ob- 
served in our nonlinear NbN superconducting resonators, 
which include among others abrupt bifurcations in the 
resonance lineshape, hysteresis loops changing direction, 
magnetic field sensitivity, resonance frequency shift and 
also nonlinear coupling |2|. These nonlinear dynamics, 
as it was shown in 0, are likely to originate from weak 
links forming at the boundaries of the NbN columnar 
structure. In the present work, we examine these non- 
linear resonators from another aspect using the inter- 
modulation measurement, which is considered one of the 
effective tools for detecting and studying nonlinearities 
in microwave superconducting devices in general [4-12], 
though an intermodulation theory based on extrinsic ori- 
gins in superconductors is still lacking 0, 0] . 

The results of intermodulation measurements of these 
resonators not only provide an important insight as to 
the possible nonlinear mechanisms responsible for the 
observed dynamics [El lll|. for example, by providing in- 
formation about the time scales characterizing the de- 
vice nonlinearity Q , they also exhibit interesting unique 
features as well. We show that driving the nonlinear 
resonator to its onset of instability while injecting two 
closely spaced unequal tones laying within the resonance 
band into the resonator, results in high amplification of 
both, the low amplitude injected signal and the idler (the 
signal generated via the nonlinear frequency mixing of 
the resonator). In Ref. where the case of an inter- 
modulation amplifier based on nonlinear Duffing oscilla- 
tor has been analyzed, it was shown that intermodula- 
tion divergence is expected as the oscillator is driven near 
critical slowing down point, where the slope of the device 
response with respect to frequency becomes infinite. The 
fact that our NbN resonators do not exhibit Duffing oscil- 
lator nonlinearity of the kind employed in the analysis of 
Ref. ' but yet show high intermodulation gains in the 
vicinity of the bifurcation points, highly suggests that the 
intermodulation gain effect predicted in |l3j| is not unique 
for the Duffing oscillator, and can be demonstrated using 
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FIG. 1: A schematic plot of the intermodulation setup used. 



other kinds of nonlinear bifurcations. Moreover in recent 
publications by Siddiqi et al. |l4l ITfij . where dynami- 
cal bifurcations between two driven oscillation states of 
a Josephson Junction have been directly observed for the 
first time, it has been suggested to employ this Josephson 
junction nonlinear mechanism for the purpose of ampli- 
fication and quantum measurements [lq|. 

The intermodulation measurements presented in this 
paper were performed on two nonlinear NbN supercon- 
ducting stripline microwave resonators. The layouts of 
these resonators, which we will refer to them by the 
names BI (T c = I0.7K) and B2 (T c = 6.8K) for simplic- 
ity, are depicted in Fig. 121(a), and in the inset of Fig. [SJre- 
spectively. The NbN resonator films were dc-magnetron 
sputtered on 34mmX 30mmX 1mm sapphire substrates 
near room temperature. The thickness of Bl and B2 
resonators are 2200A and 3000A respectively. The films 
were patterned using standard photolithography process 
and etched by Ar ion-milling. The coupling gap between 
Bl and B2 resonators and their feedline was set to 0.4 
mm and 0.5 mm respectively. The fabrication process 
parameters as well as other design considerations can be 
found elsewhere . 

The basic intermodulation experimental setup that has 
been used, is schematically depicted in Fig. fj] The input 
field of the resonator is composed of two sinusoidal fields 
generated by external microwave synthesizers and com- 
bined using power combiner. The isolators in the signal 
paths were added to minimize crosstalk noise between the 
signals and suppress reflections. The signals used have 
unequal amplitudes, one, which we will refer to as the 
pump, is an intense sinusoidal field with frequency f p , 
whereas the other, which we will refer to as the signal, 
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FIG. 2: Intermodulation measurement results of Bl first 
mode. Plot (a) depicts the layout of Bl resonator. Plots 
(b), (c) and (d) exhibit meshes of reflected pump power, idler 
gain and signal gain respectively, as a function of transmitted 
pump power and pump frequency. The meshes were obtained 
while gradually decreasing the pump power. The frequency 
offset between the pump and signal was set to 2kHz, whereas 
the signal power was set to —60 dBm. The cross sections 
A-A" are shown in Fig. [3] 
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FIG. 3: The idler and signal gains at the A-A" cross section of 
Fig. |^|are shown in plot (a) and (b) respectively, as a function 
pump power. The reflected pump power at the same cross 
section A-A" is also drawn on the same axis for comparison. A 
simultaneous amplification in the idler and signal is measured 
at the onset of instability of the reflected pump power. 
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is a small amplitude sinusoidal field with frequency f p 
+/, where / represents the frequency offset between the 
two signals. Due to the nonlinearity of the resonator, fre- 
quency mixing between the pump and the signal yields 
an output idler field at frequency f p —f. Thus the out- 
put field from the resonator, which is redirected by a 
circulator and measured by a spectrum analyzer, con- 
sists mainly of three spectral components, the reflected 
pump, the reflected signal and the generated idler. The 
intermodulation amplification in the signal and idler is 
obtained, as it is shown in this paper, by driving the res- 
onator to its onset of instability, via tuning the pump 
power. 

In the intermodulation measurements, we limit the sig- 
nal power to be several orders of magnitude smaller than 
the pump power as was assumed in [T[| , and require that 
all of the tones (pump, signal, idler) lie within the reso- 
nance band of the resonator during the intermodulation 
operation. 

In Fig. |2we present an intermodulation measurement 
applied to the first resonance mode of Bl resonator ( 
~ 2.58GHz), at 4.2K, where we measured the idler and 
the reflected signals (pump and signal) as a function of 
both the transmitted pump power and frequency. The 
experimental results presented here were obtained while 
decreasing the pump power gradually at each given fre- 
quency. The pump power range was set to include the 
onset of nonlinear bifurcations of Bl first mode which 
occurs at relatively low input powers of the order of —25 
dBm, whereas the signal was set to a constant power 
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FIG. 4: Reflected pump hysteresis during intermodulation 
operation. Left mesh obtained while decreasing pump power, 
and right mesh while increasing pump power. 



level of —60 dBm, several orders of magnitude lower than 
the pump. The pump-signal frequency offset / was set 
to 2kHz, very much narrower than the resonance band, 
(thus ensuring that all three signals lie within the reso- 
nance lineshape during the measurement process). 

The reason for varying the pump power rather than 
its frequency to the edge of bifurcation, is mostly be- 
cause the bifurcations along the frequency axis are abrupt 
in contrast to the bifurcations along the power axis 
which are more gradual. In Fig. |3 plots (b), (c) and 
(d) show the reflected pump power, idler gain and signal 
gain respectively, as colormaps of pump power and pump 
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frequency. Large amplifications of the idler and the sig- 
nal are measured simultaneously as the reflected pump 
power bifurcates, at a given pump frequency, as its power 
is decreased below some power threshold. These ampli- 
fication peaks can be better seen in Fig. |3| where plots 
(a) and (b) show the A- A" cross-sections of the idler gain 
and the signal gain meshes respectively, plotted on the 
same axis with the reflected pump power at 2. 5879GHz 
for comparison. 

The amplification gain [dB], which is defined as the 
difference between the idler or signal power at the res- 
onator output [dBm] and the signal power [dBm] at the 
resonator input (losses in cables and passive devices are 
calibrated), reaches 14.99 dB at its peak in the case of 
the idler gain, and 13.91 dB in the case of the signal gain. 

In Fig. 0|we show an unexpected power-frequency hys- 
teresis of the reflected pump signal, which implies that 
the nonlinear resonance shape of the resonator, as a two 
dimensional function of input power and frequency, is 
multi valued, therefore a care must be taken in choosing 
the path in reaching each point in the power-frequency 
plane. Furthermore in the forward sweep of the pump 
no positive gain has been detected in the idler or signal, 
this may be partly due to the less steep slopes associated 
with bifurcations in the forward direction as seen in Fig. 
ffl(b). 

Based on these high gains demonstrated experimen- 
tally at T = 4.2 K (and / ~ 2.5GHz), it is interesting 
to consider the feasibility of demonstrating some impor- 
tant quantum phenomena using these nonlinear effects in 
the quantum regime where hw 3> fceT (T <C 100 mK). 
As in Ref. 13f . consider the mode of operation where a 
homodyne detection scheme with a local oscillator hav- 
ing the frequency of the pump is employed to measure 
the resonator output. The noise floor of the device is 
characterized by the power spectrum P of the homodyne 
detector output, where the only externally applied input 
is the pump. In the nonlinear regime of operation noise 
squeezing occurs, namely, P becomes dependent period- 
ically on the phase of the local oscillator 4>lo relative to 
the phase of the pump. In particular, for an intermod- 
ulation amplifier having a gain larger than unity, as the 
ones described in the present work, the maximum value of 
P (4>lo) may become larger than the value correspond- 
ing to equilibrium noise. In the quantum limit, where 
hu 3> fcsT, this effect is somewhat similar to the well 
known dynamical Casimir effect ,16|, where a paramet- 
ric excitation is employed to amplify vacuum fluctuations 
and to create real photons. 

According to the idler/signal gain analysis carried 
out for the case of Duffing oscillator in Ref. the 
idler/signal gain is expected to diverge as the oscillator 
is driven to its critical point in the limit / — » . In 
order to examine whether similar gain-frequency offset 
relation holds in our nonlinear resonators, we employed 
the second resonance mode of B2 resonator depicted in 
the inset of Fig. (which showed similar behavior under 
intermodulation operation as Bl resonator, though with 
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FIG. 5: Maximum intermodulation gain achieved during in- 
termodulation operation as a function of frequency offset 
set between the pump and signal. The resonance frequency 
employed in this measurement was the second mode of B2 
resonator. The frequency offsets applied were 4kHz, 5kHz, 
30kHz, 90kHz, whereas the signal power was set to —60 dBm. 
The solid line connecting the data points is a guideline only. 
The inset shows the layout of B2 resonator. 
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FIG. 6: Intermodulation dependence on temperature. Plot 
(a) exhibits idler gain as a function of temperature and pump 
power. Plot (b) shows the shift of the resonance frequency 
towards lower frequencies as the temperature is increased. 
Plot (c) shows the maximum idler gain measured at differ- 
ent temperatures. The idler gain is almost constant at low 
temperatures. Plot (d) exhibits the good correlation that ex- 
ists between the idler and signal maximum gain coordinations 
in the temperature-pump power plane below 5.6K. 



lower gain levels) . We varied the frequency offset applied 
between the two signals and recorded the maximum idler 
gain measured at that offset. The results in Fig. show 
clearly that the maximum idler gain tends to increase as 
the frequency offset / decreases, though the change was 
generally moderate compared with the 1// dependence 
predicted in |l3[ . 

Moreover we studied the dependence of intermodula- 
tion gain on temperature using B2 resonator and its sec- 
ond mode. We increased the ambient temperature in 
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small steps between 4.4K and 6K (below T c — 6.8K). 
At each given temperature we set the pump frequency 
to the resonance frequency of the resonator correspond- 
ing to that temperature, and measured the idler and sig- 
nal gains while gradually decreasing the pump power. 
The frequency offset between the pump and signal was 
set to 120kHz, whereas the signal power was set to —55 
dBm. Fig. [|J] summarizes the main results of this mea- 
surement. In plot (a) the idler gain mesh is shown as 
a function of temperature and pump power. The idler 
maximum gain is generally obtained (earlier) at higher 
pump powers as the temperature increases. In plot (b) 
the resonance frequency of the resonator is depicted as a 
function of temperature. The resonance frequency shifts 
towards lower frequencies as the temperature increases, 
due to increase in the nonlinear inductance and the pen- 
etration depth of the resonator as the temperature is in- 
creased [13, E3 • I n pl°t (c) the maximum measured idler 
gain is plotted as a function of temperature. A plateau 
in the maximum idler gain is observed for low tempera- 
tures, but it decreases considerably as the temperature 
exceeds 5.2K. Such plateau in measured intermodulation 
powers at low and intermediate temperatures have been 
reported in @, , nevertheless whereas in 0, 0, 0] the 
intermodulation power increases due to decrease in the 
intermodulation critical current density Jimd or increase 
in the kinetic inductance as the temperature is increased, 
our results show a decrease in the measured intermodu- 
lation gain as a function of temperature. This discrep- 
ancy can be attributed to the observed degradation of 
the device response (slope), responsible for the amplifi- 
cation, due to increase in the film surface resistance as 
the temperature is increased. In plot (d) the coordina- 
tions of the maximum measured idler and signal gains in 
the temperature-pump power plane are shown. The blue 



stars represent maximum idler gain coordination whereas 
the red triangles represent maximum signal gain coordi- 
nation. The plot exhibit an excellent correlation between 
the two coordinations up to about 5.6K. 

In conclusion, we have measured intermodulation gain 
in two of our nonlinear NbN superconducting stripline 
resonators, at relatively low temperatures ~ 4.2K. An 
intermodulation gain as high as ~ 15 dB, was success- 
fully achieved in one of the resonators, while applying 
2kHz frequency offset and —60 dBm signal power. More- 
over we showed that the reflected pump power, the signal 
gain and the idler gain demonstrate strong hysteretic be- 
havior in the frequency-pump power plane. In addition, 
we briefly discussed the dependence of the intermodula- 
tion gain on ambient temperature, and frequency offset 
applied between the pump and signal. The intermod- 
ulation gain results were found to be both reproducible 
and controllable, which is a preliminary condition for any 
practical application. Whereas the underlying physics re- 
mains an outstanding challenge for future research, these 
nonlinear resonators operated as intermodulation ampli- 
fiers may be potentially employed, in the future, in gener- 
ating low noise microwave signals, signal switching, and 
even in, producing quantum squeezed states fl3| and am- 
plifying quantum zero point fluctuations. 
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